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We study the electronic transport of heterojunctions made of chiral topological superconductors
(TSCs) with N chiral Majorana fermion modes and quantum Hall insulators (QHIs) with integer
Chern number C. In the weak disorder regime, we show the two-terminal conductance σ12 of a
QHI-TSC-QHI junction is generically non-quantized, but obeys a certain distribution determined
by C and N , which is induced by random SO(N) rotations of chiral Majorana fermion mode basis
on the TSC edges. Oppositely, in the strong disorder regime, σ12 tends to be a quantized value. We
conclude with a brief discussion on the fractionally quantized thermal conductances of the junction.
As one of the simplest topological states of matter, the
two-dimensional (2D) chiral topological superconductor
(TSC) has attracted lots of attentions [1–9]. It is charac-
terized by the Bogoliubov-de Gennes (BdG) Chern num-
ber [10, 11], which take integer values N ∈ Z and leads
to N chiral Majorana fermion modes (CMFMs) propa-
gating on its edge. The N = 1 TSC, also known as the
px + ipy TSC [2], is extensively studied and has been
experimentally realized recently [12]. The understand-
ing of CMFM edge conduction is incomplete due to their
charge neutral nature. In analogy of the chiral quantum
Hall (QH) edge modes, a fruitful approach is to study
scattering between those chiral QH modes by measuring
transport through junctions between regions of different
carrier density [13–15]. In particular, the single CMFM
backscattering in a N = 1 TSC junction with two Chern
number C = 1 QH insulators (QHIs) is shown to exhibit
to a half quantized electrical conductance e2/2h [12, 16–
20]. However, the electronic transport of TSC junctions
with generic BdG Chern number N is still unknown.
In this Letter, we study the electrical conductance of
a QHI-TSC-QHI junction with generic QHI Chern num-
ber C and TSC BdG Chern number N . Different from
the |N | = 1 case, most |N | > 1 junctions do not exhibit
a quantized conductance. Instead, we show the conduc-
tance of the junction obeys a certain distribution among
all samples and physical conditions, which is a unique
function of (C,N) in the weak disorder limit. The con-
ductance distribution results from the random SO(N)
rotations of CMFM basis on the TSC edges due to disor-
ders. While in the strong disorder limit, we find the junc-
tion conductance tends to be a quantized value given by
(C,N). We conclude with brief discussions on the ther-
mal conductances of the junction contributed by CMFMs
and the possible material realization of such junctions.
The geometry of the QHI-TSC-QHI junction we shall
study is shown in Fig. 1(a), where we assume the QHIs
on the left and right have a Chern number C > 0, and the
chiral TSC in the middle has a BdG Chern number N .
A number of metallic leads are shown for transport mea-
surements, where lead 3 connects to the TSC bulk, while
all the other leads are on QHI edges. We shall assume the
electrical (thermal) currents are only applied on leads 1, 2
and 3, while leads 4-7 are for voltage (temperature) mea-
surements. The electrical conductance of the junction is
governed by the generalized Landauer-Bu¨ttiker formula
[21, 22],
I1 =
e2
h
[(C − r + rA)(V1 − Vsc) + (t− tA)(Vsc − V2)],
I2 =
e2
h
[(C − r + rA)(V2 − Vsc) + (t− tA)(Vsc − V1)],
I3 = −I1 − I2 , V3 = Vsc , (1)
Here Ii and Vi are the inflow current and voltage of lead
i, Vsc is the voltage of the TSC, e is the electron charge,
h is the Planck constant, and we have further assumed
the contact resistance between lead 3 and the TSC bulk
is zero, which is appropriate when lead 3 is a good metal.
The coefficients r, rA, t and tA are the normal reflection,
Andreev reflection, normal transmission and Andreev
transmission coefficients between leads 1 and 2, respec-
tively, which satisfy r + rA + t+ tA = C. From Eq. (1),
only r− rA and t− tA are needed, the two-terminal con-
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FIG. 1. (a) The QHI-TSC-QHI junction and the leads for
transport measurements. (b-d) Illustration of the CMFMs in
junctions with (b) N ≥ 2C, (c) 0 < N < 2C, and (d) N ≤ 0.
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2ductance of the junction is derived as σ12 = I/(V1−V2) =
(C−r+rA+t−tA)/2 in units of e2/h, where the current
I is applied between leads 1 and 2, i.e., I = I1 = −I2.
Besides, one can derive the conductance between leads 1
and 3 as σ13 = I/(V1 − V3) = C − r + rA − (t−tA)
2
C−r+rA , for
which the current I = I1 = −I3. The generic Landauer-
Bu¨ttiker formula for all the leads can be found in the
Supplementary Material [23], from which one can calcu-
late the other resistancesRij,kl = (Vk−Vl)/I with current
I = Ii = −Ij . In particular, the Hall resistance of the
standard Hall bar is always R12,46 = R12,57 = 1/C, while
the longitudinal resistance R12,45 = R12,67 = 1/σ12−1/C
in units of h/e2.
There are three cases to be distinguished: N ≥ 2C,
0 < N < 2C and N ≤ 0 cases, of which the edge states
are schematically shown in Fig. 1(b)-(d), respectively. In
all three cases, there are C charged chiral electron modes
(CEMs) on the edges between QHIs and the vacuum.
For convenience, we denote the annihilation and creation
operators of the j-th CEM (1 ≤ j ≤ C) on the four QHI
edges next to TSC corners Km (1 ≤ m ≤ 4, see Fig. 1(a))
as aj , a
′
j , bj , b
′
j and a
†
j , a
′†
j , b
†
j , b
′†
j , respectively. These C
CEMs can then be rewritten as 2C CMFMs γn (1 ≤ n ≤
2C), where we choose the CMFM basis so that they are
related to the electron basis via aj , a
′
j , bj , b
′
j = (γ2j−1 +
iγ2j)/
√
2 on the corresponding QHI edges, respectively.
(a) N ≥ 2C case. There are N − 2C CMFMs γn
(2C < n ≤ N) circulating on the TSC edges K4K1 and
K2K3, and N CMFMs on the K1K2 and K3K4 TSC
edges (see Fig. 1(b)). The effective action of the N
CMFMs on edge K1K2 (K3K4) takes the form
S =
∫
dtdx
[
N∑
n=1
iγn(∂t + vn∂x)γn + iγ
TL(x)γ
]
, (2)
where γ = (γ1, · · · , γN )T is the Majorana basis, vn >
0 is the Fermi velocity of γn, and the function L(x) is
an N × N real antisymmetric matrix. The L(x) term
among the N CMFMs is generically contributed by the
chemical potential, hopping and pairing on the edge. In
the presence of disorders, one has L(x) = L + δL(x)
varying with respect to x, where L and δL(x) are the
mean value and random fluctuations, respectively. Via
an SO(N) transformation γ = QT (x)γ˜ where Q(x) =
P exp
[∫ x
−∞ dx
′L(x′)/v¯
]
, one can rewrite the action as
[24–26]
S =
∫
dtdx
[
iγ˜T (∂t − v¯∂x)γ˜ + iγ˜TQT δv∂x(Qγ˜)
]
, (3)
where P stands for path ordering, v¯ = ∑n vn/N is the
mean Fermi velocity, and δv = diag(v1 − v¯, · · · , vn − v¯)
is Fermi velocity anisotropy. Due to the randomness
in L(x), the δv term is irrelevant and can be ignored
[23, 26]. Therefore, the N CMFMs on the edge K1K2
(K3K4) simply undergo an SO(N) transformation Q =
P exp
[∫K1
K2
dxL(x)/v¯
]
. Similarly, the N−2C CMFMs on
edge K2K3 (K4K1) will undergo an SO(N − 2C) trans-
formation after propagation.
The SO(N) rotation among the CMFMs on the TSC
edges will generate an Andreev probability of electron
turning into hole, and thus lead to t − tA and r − rA
between leads 1 and 2. We assume the system size is
large enough so that the CMFMs lose coherence during
their propagations. When an electron mode ai is incident
from lead 1 and propagates along edge K1K2, it may ar-
rive at lead 2 directly as an electron a′j or hole a
′†
j , or it
may turn into a CMFM γn>2C on edge K2K3, circulate
around the TSC edge for several laps, and then propa-
gate to either lead 1 or lead 2 as an electron or hole. To
compute r, rA, t, tA, we need to sum over the contribu-
tions r(n), r
(n)
A , t
(n), t
(n)
A from all the above paths, where
n ≥ 1 denotes the times a circulating path passes edge
K1K2 before reaching lead 1 (for r and rA) or lead 2 (for
t and tA).
However, the calculation of t − tA and r − rA can be
simplified by the following fact: once an incident electron
turns into a CMFM γn>2C on edge K2K3, it will have
equal probabilities on average to become electron or hole
afterwards, since γn>2C are particle-hole symmetric and
unrelated to the QHI edge charge basis. Therefore, we
obtain r(n) = r
(n)
A for all n ≥ 1, and t(n) = t(n)A for all
n ≥ 2. This yields r − rA = 0, and t − tA = t(1) − t(1)A
only contributed by the shortest path from lead 1 to lead
2 which passes edge K1K2 once.
The coefficients t(1) and t
(1)
A are generically determined
by the SO(N) rotation matrix Q on edge K1K2. Af-
ter propagating along edge K1K2, the electron annihila-
tion operator ai has a probability |u†jQui|2 to become
a′j , and a probability |uTj Qui|2 to become a′†j , where
uj = (0, · · · , 0, 1, i, 0, · · · , 0)T /
√
2 is the annihilation op-
erators aj and a
′
j written in the CMFM basis (with the
(2j− 1)-th and 2j-th components being 1/√2 and i/√2,
respectively). We thus have
t− tA = t(1) − t(1)A =
C∑
i,j=1
(
|u†jQui|2 − |uTj Qui|2
)
. (4)
We first examine the weak disorder limit |δL(x)|  |L|.
The antisymmetric L(x) can be block diagonalized into
L(x) = iG(x)Ω(x)GT (x), where G(x) is an SO(N) ma-
trix, while Ω(x) = diag(ω1(x)σy, · · · , ωN/2(x)σy) for even
N , and Ω(x) = diag(ω1(x)σy, · · · , ω(N−1)/2(x)σy, 0) for
odd N , with σx,y,z being the 2× 2 Pauli matrices. Weak
disorder implies one can choose G(x) = G + δG(x) so
that |δG(x)|  G, and ωl(x) = ωl + δωl(x) where
|δωl(x)|  |ωl| (1 ≤ ` ≤ N/2). One can then approx-
imate Q ≈ GΛGT , where Λ = diag(eiφ1σy , · · · , eiφN/2σy )
for even N , or Λ = diag(eiφ1σy , · · · , eiφ(N−1)/2σy , 1) for
odd N , and the angles φl =
∫ B
A
ωl(x)dx/v¯. For conve-
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FIG. 2. The distribution functions p(σ12) of conductance σ12
for weakly disordered junctions with (a) C = 1, 3 ≤ N ≤ 6,
(b) C = 2, 1 ≤ N ≤ 3 and C = 3, N = 3, respectively.
nience, we define G ≡ (g1, · · · , gN ), then the vectors gl =
(g1l , · · · , gNl )T (1 ≤ l ≤ N) form an orthonormal frame.
Noting that G is not unique, but is determined only up
to bN/2c independent SO(2) rotations in the (g2l−1, g2l)
planes (1 ≤ l ≤ bN/2c), where byc is the floor function of
number y. Therefore, we should identify all equivalent G,
and G lives in the coset space SO(N)/SO(2)bN/2c. When
the edge length d 2piv¯/(δω2l )1/2 (which is nothing but
the decoherence condition we assumed), φl can be re-
garded as uniformly random in [0, 2pi). Thus, for a given
G, the coefficient t(G)− tA(G) is the uniform average of
Eq. (4) over all φl, which can be expressed as [23]
t(G)− tA(G) =
bN/2c∑
l=1
 C∑
j=1
A2j−1,2j2l−1,2l
2 , (5)
where Aijlk = g
i
lg
j
k − gikgjl is the projection of unit area
in the (gi, gj) plane onto the (γl, γk) plane. They satisfy
the constraints∑
l<k
(Aijlk)
2 = 1, (i 6= j),∑
i<j
(Aijlk)
2 = 1, (l 6= k), (6)
∑
n
(Ain2l−1,2lA
nj
2k−1,2k −Ajn2l−1,2lAni2k−1,2k) = 0
Together with r − rA = 0, one can then compute σ12
and σ13 for N ≥ 2C as functions of G, which generically
depends sample and physical conditions.
Next, by assuming that G is uniformly distributed in
the coset space SO(N)/SO(2)bN/2c, we can find a specific
distribution of σ12 and σ13 for various samples/physical
conditions. Such an assumption is appropriate given no
knowledge about the experimental systems. In particu-
lar, for C = 1 and N ≥ 2, the unnormalized probability
distribution of σ12 is [23]
p(σ12) =
{
δ(σ12 − 1) , (N = 2)(
σ12 − 12
)αN
(1− σ12)βN , (N > 2)
(7)
where σ12 ∈ [ 12 , 1] in units of e2/h, and the power indices
are given by αN =
bN/2c
2 −1 and βN = N(N−1)4 − bN/2c2 −1.
Fig. 2(a) shows the normalized p(σ12) for C = 1 and 3 ≤
N ≤ 6, and one sees their functional are quite different.
The analytical results of p(σ12) for generic C > 1 are
difficult. However, we can still obtain the mean value of
σ12 [23]. From the geometrical meaning of A
ij
kl, one can
show the mean value AijklA
i′j′
k′l′ = 2δii′δjj′δkk′δll′/N(N−1)
for i < j, k < l, i′ < j′, k′ < l′. Therefore, the mean value
of σ12 in units of e
2/h is
σ12 =
C + (t− tA)
2
=
C
2
[
1 +
2bN/2c
N(N − 1)
]
. (8)
(b) 0 ≤ N < 2C case. There are N CMFMs γn≤N
on edges K1K2 (K3K4), and 2C −N CMFMs γn>N on
edges K1K4 (K3K2) as shown in Fig. 1(c). Different
from the former case, there is only one path propagating
from lead 1 to lead 2 (via K1K2), and only one path
from lead 1 back to itself (via K1K4), which contribute
to t−tA and r−rA, respectively. Accordingly, the bN/2c
CEMs aj≤bN/2c experience the SO(N) transformation Q
on edge K1K2 and contribute to t− tA, while the b(2C−
N)/2c CEMs aj>b(N+1)/2c participate in the SO(2C−N)
transformationQ′ on edgeK1K4 and contribute to r−rA.
Similarly, in the weak disorder regime, one arrives at
the expression of t(G) − tA(G) and r(G′) − rA(G′) sim-
ilar to Eq. (5), where G and G′ are the diagonalization
matrices for Q and Q′, respectively, which depends on
sample and physical condition. By assuming G and G′
distribute uniformly in coset spaces SO(N)/SO(2)bN/2c
and SO(2C −N)/SO(2)b(2C−N)/2c, respectively, one can
calculate the conductance distributions. There are a few
examples where the distribution p(σ12) can be obtained
analytically [23], some of which are plotted in Fig. 2(b).
In particular, for C = N = 1, the conductances are quan-
tized at σ12 = 1/2 and σ13 = 1, in agreement with the
previous results [12, 17, 18].
Furthermore, the mean value σ12 = [C − (r − rA) +
(t− tA)]/2 for generic 0 ≤ N < 2C among various sam-
ples and physical conditions is derived as [23]
σ12 =
{
C
2 − 14N + 14(2C−N) , (N odd)
C
2 +
1
4(N−1) − 14(2C−N−1) . (N even)
(9)
(c) N ≤ 0 case. There are 2C − N = 2C + |N |
CMFMs on edges K1K4 (K3K2), and |N | backward
propagating CMFMs on edges K1K2 (K3K4) as shown
in Fig. 1(d). Such a configuration is equivalent to a pi/2
rotation of the N > 2C junction along with the inter-
changes N ↔ 2C − N and t, tA ↔ r, rA. Therefore, the
results of conductances in N ≥ 2C case can be directly
applied to the current case. Specifically, t−tA = 0, which
indicates σ13 ≡ 2σ12. In the weak disorder regime, for
C = 1, we show the distribution of σ12 ∈ [0, 1/2] is [23]
p(σ12) =
{
δ(σ12) , (N = 0)(
1
2 − σ12
)αN
σ12
βN , (N < 0)
(10)
4where αN =
b−N/2c
2 − 12 and βN = (2−N)(1−N)4 − b−N/2c2 −
3
2 . The mean value of σ12 for generic C and N ≤ 0 is
σ12 =
C
2
[
1− 2bC −N/2c
(2C −N)(2C −N − 1)
]
. (11)
We now turn to the strong disorder regime |δL(x)| 
|L|. In this limit, G is not well defined, and the SO(N)
transformation Q should be regarded as fully random.
The coefficient t − tA is then given by Eq. (4) aver-
aged over all Q under the Haar measure of group SO(N),
which is sample and physical condition independent.
Therefore, in (a) N ≥ 2C case, t− tA = 1 for N = 2, and
t−tA = 0 forN > 2 [23]. The conductances are quantized
at σ12 = 1, σ13 = 0 for N = 2C = 2, and σ12 = C/2,
σ13 = C for N > 2 and N ≥ 2C. In (b) 0 ≤ N < 2C
case, t−tA = 1 (r−rA = 1) if N = 2 (2C−N = 2), while
t− tA = 0 (r − rA = 0) otherwise. Accordingly, the con-
ductances are quantized at σ12 = (C− δ2C−N,2 + δN,2)/2
and σ13 = C − δ2C−N,2 − δN,2C−δ2C−N,2 . Finally, in (c)
N < 0 case, the conductances are always quantized at
σ13 = 2σ12 = C.
Finally, we briefly discuss the effect of the irrelevant δv
term in Eq. (3), which is ignored in all the above three
cases. In the above results, one may have noted that
the junction conductance for N = 2, C = 1 is σ12 = 1,
which is the same as that of a single QHI. Namely, the
N = 2 CMFMs behave as a charge conserving CEM. This
is generically not true, since an electron may turn into a
hole and inject a Cooper pair into the TSC bulk, leading
to a σ12 < 1 [27]. This discrepancy is because of our igno-
rance of the δv term, which is proportional to the p-wave
pairing (the only allowed pairing for N = 2) on the TSC
edge. Effectively, the presence of the δv term makes the
transformation matrix Q effectively non-orthogonal (and
nonunitary), and invalidates our conclusion [23]. How-
ever, since the δv term is irrelevant in the presence of
disorders, its contribution will be suppressed to zero at
large scales, and thus our conclusions in the above are
valid for large enough systems.
Thermal transport. The chiral TSC with BdG Chern
number N exhibits a quantized thermal Hall conduc-
tance κxy/T = Nκ0 with κ0 = (pi
2/6)(k2B/h), where kB
is the Boltzmann constant and T is temperature. Inter-
estingly, the random mixing of the CMFMs on the TSC
edges will lead to quantized thermal resistance in the
QHI-TSC-QHI junction. It is similar to the quantized
electric resistance in the ν-ν′-ν integer QH junction from
the random mixing of the CEMs [14], where ν and ν′ are
filling fractions. For all the cases in Fig. 1, when a heat
current is applied between leads 1 and 2, the thermal
resistances are given by RQ12,46 = R
Q
12,57 = 1/(2C) and
RQ12,45 = R
Q
12,67 =
|2C − sgn(N)N |
2C|N | (12)
in units of 1/(κ0T ). Here we have assumed the full
thermal equilibration among the copropagating CMFMs,
which is appropriate when the sample size is large
enough. If the thermal equilibration is not achieved,
RQ12,45 and R
Q
12,67 will deviate from the above quantized
value. Besides, phonons and magnons also contribute
to the thermal resistance, but their contributions can be
identified and subtracted by examining the temperature
dependence [28].
Discussions. We have shown the conductance of
generic QHI-TSC-QHI junctions obey certain distribu-
tions in the weak disorder regime depending on C and
N , and tend to a quantized value in the strong disorder
regime. For intermediate disorder strengths, we expect
the conductance distributions to gradually evolve from
the weak disorder limit to the strong disorder limit. In
reality, the disorders are usually dilute, so are close to
the weak disorder limit. In experiments, the conductance
distribution can be measured by using different samples
and varying physical conditions (gate voltage, in-plane
and out-of-plane magnetic fields, etc.) within the phase
space of the TSC. This will enable a comparison between
our theory and the experiments.
If the TSC edges exhibit slow dynamical fluctuations
(e.g., environmental fluctuation) compared to the prop-
agation time of CMFMs on the edge d/v, different elec-
trons in the current will experience different physical con-
ditions. Ideally, the time averaged σ12 will then be given
by Eqs. (8), (9) and (11), while the fluctuations of σ12
obey the distribution p(σ12).
In general, the TSC with an even N = 2C ′ can be ob-
tained from the QHI with Chern number C ′ under s-wave
superconducting proximity, while the TSC with odd BdG
Chern number N = 2C ′ − 1 can be obtained by pushing
the N = 2C ′ TSC towards the QHI plateau transition
point [16–18]. In practice, one can use the heterostruc-
ture of topological nontrivial s-wave SC [29] and quantum
anomalous Hall insulator (QAHI) with Chern number C ′
[30] to realize TSC with N = 2C ′ ± 1, where keeps the
disorders weak [31]. Furthermore, by creating a flipped
magnetic domain in the QAHI and adding superconduct-
ing proximity on top of it, one can realize the junction
with N < 0 as shown in Fig. 1(d). At last, we note that
although a QHI with Chern number C ′ is topologically
equivalent to a TSC with N = 2C ′, the transport of a
charge conserving C-C ′-C QHI junction is quite differ-
ent from that of the QHI-TSC-QHI junction. This is
because an electron on TSC edges has a nonzero proba-
bility of becoming a hole due to the random rotation of
CMFM basis, which is forbidden in the QHI junction.
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SUPPLEMENTARY MATERIAL
GENERIC MULTI-TERMINAL LANDAUER-BU¨TTIKER FORMULA
The resistances measured from the other leads can be derived by generalizing the Landauer-Bu¨ttiker formula to
the multi-lead case. In the configuration of main text Fig. 3, the multi-lead formula is
I1 =
e2
h
(V1 − V6) , I6 = e
2
h
[(V6 − Vsc) + (t− tA)(Vsc − V7) + (r − rA)(Vsc − V4)] , I7 = e
2
h
(V7 − V2) ,
I2 =
e2
h
(V2 − V5) , I5 = e
2
h
[(V5 − Vsc) + (t− tA)(Vsc − V4) + (r − rA)(Vsc − V7)] , I4 = e
2
h
(V4 − V1) ,
I3 = −(I1 + I2 + I4 + I5 + I6 + I7) , V3 = Vsc ,
(13)
where r, rA, t and tA are the coefficients we defined above. Solving the equations with respect to applied currents
yield the quantized values of resistances measured on various leads.
THE δv TERM
In the main text Eq. (3), we show the action can be rewritten as an SO(N) symmetric term and a δv term
iγ˜TQT δv∂x(Qγ˜). Here we first show the δv term is irrelevant.
In the weak disorder limit, we show the matrix Q can be approximately written as Q = GΛ(x)G
T
, where if we take
odd N as an example Λ(x) = diag(eiφ1(x)σy , · · · , 1). In particular, the angles φl(x) (1 ≤ l ≤ bN/2c) can be regarded
as fully random, namely, eiφ1(x)−iφ1(x′) = δ(x− x′). The δv term can then be written as
Hδv = −iγ˜TJ1(x)∂xγ˜ − iγ˜TJ2(x)γ˜ , (14)
where J1(x) = GΛ
T (x)δvGΛ(x)G
T
and J2(x) = GΛ
T (x)δvG∂xΛ(x)G
T
. Accordingly, one find the correlation functions
Tr[J1(x)J1(x′)] = Tr(δvGΛ(x− x′)δvGΛ(x′ − x)) ∼W1δ(x− x′) ,
Tr[J2(x)J2(x′)] = Tr(δvG∂xΛ(x− x′)δvG∂x′Λ(x′ − x)) ∼W2∂x′∂xδ(x− x′) ,
(15)
where Λ(x′ − x) = diag(ei(φ1(x)−φ1(x′))σy , · · · , 1), and we assumed δvG does not commute with Λ(x′ − x), which is
usually true. Therefore, one finds the scaling dimensions of W1 and W2 are dW1 = dW2 = −1 < 0, which indicates
the δv term is irrelevant. Such an analysis can also be done for the strong disorder limit, and the conclusion remains
valid.
Although the δv term is irrelevant, we can still discuss the role it plays. We shall take the minimal example of
N = 2, where there are two CMFMs γ1 and γ2 consisting of an electron charge basis a1, a
†
1 = (γ1 ± iγ2)/
√
2. The
CMFM action rewritten in the charge basis is
S =
∫
dtdxia†1(∂t − v∂x)a1 +
(
∆pa
†
1∂xa
†
1 + h.c.
)
− µ(x)a†1a1 , (16)
where µ(x) = 2L12(x) is given by the off diagonal element of L(x), the mean velocity v = (v1 + v2)/2, while the
p-wave pairing amplitude ∆p = (v1 − v2)/4 = δv/2 results from the δv term. Therefore, if δv is ignored, the action
will behave as a charge conserved CEM with no superconductivity. This is in agreement with our main text Eq. (4):
if one take C = 1 and N = 2, one finds t = 1 and tA = 0, which is no different from a charge conserved QHI junction.
This is because the SO(2) rotation cannot rotate an electron into a hole. The ignorance of δv is legitimate in large
samples since it is irrelevant.
However, if we consider a system with no disorder, the δv term becomes marginal and cannot be ignored. As is
shown in Ref. [27], for an N = 2 junction without disorder, the Andreev probability tA is generically nonzero, since a
6chiral electron on the edge can turn into a hole with a Cooper pair injected into the TSC bulk. To see this explicitly,
let us consider a system with no disorder so that µ is constant, and solve the Euler-Lagrange equation at zero energy:( −iv1∂x −iµ
iµ −iv2∂x
)(
γ1
γ2
)
= 0 , (17)
Assume the incident state is an electron state γ(0) = (1, i)T /
√
2 which enters at x = 0. For small δv = (v1 − v2)/2,
solving the equation yields a solution
γ(x) ≈ 1√
2
(
1− k0δvµ
i+ ik0δvµ
)
eik0x +
1√
2
k0δv
µ
(
1 + k0δvµ
−i+ ik0δvµ
)
e−ik0x
≈
(
cos k0x (1− 2k0δvµ ) sin k0x
−(1 + 2k0δvµ ) sin k0x cos k0x
)(
1
i
)
/
√
2 = Q′(x)γ(0) ,
(18)
where k0 = µ/
√
v1v2. In particular, one finds the transformation matrix Q
′(x) is no longer an orthogonal matrix (it
is even not a unitary matrix). If we keep using it, we find a nonzero Andreev transmission
tA ≈
∣∣∣∣∣( 1√2 , i√2)Q′(x)
(
1√
2
i√
2
)∣∣∣∣∣
2
≈
(
4k0δv
µ
)2
sin2 k0x .
The fact that Q′(x) becomes nonunitary with δv 6= 0 can be understood as follows. We have shown that δv for N = 2
is nothing but the p-wave pairing amplitude on the TSC edge. Therefore, δv induces a probability for an electron to
turn into a hole, and inject a Cooper pair into the TSC bulk at the same time. However, the Cooper pair injected
into the 2D TSC bulk is beyond the Hilbert space of the 1 + 1 dimensional TSC edge. Therefore, the transformation
in the Hilbert space of γ1 and γ2 becomes effectively nonunitary (thus non-orthogonal). This conclusion generically
applies for N > 2 as well, namely, the δv term yields a nonunitary (non-orthogonal) contribution to the N × N
transformation matrix Q(x).
In the disordered case, as we showed the δv term is irrelevant, so we do not need to worry about this nonunitary
problem.
DERIVATION OF THE JUNCTION CONDUCTANCE DISTRIBUTIONS FOR N ≥ 2C
We begin our calculation from the main text Eq. (4). From the definition, it is straightforward to show that
|u†jQui|2 − |uTj Qui|2 = detQ(2j−1,2j|2i−1,2i)2 , where
Q
(i,j|k,l)
2 =
(
Qik Qil
Qjk Qjl
)
is the 2× 2 minor matrix of the i-th, j-th rows and k-th, l-th columns of Q (assume i < j and k < l hereafter), and
Qik is the matrix element. Therefore, we can rewrite the main text Eq. (4) as
t− tA =
C∑
i,j=1
detQ
(2j−1,2j|2i−1,2i)
2 . (19)
Generic formula for weak disorder
In the weak disorder case, we approximately have Q = GΛG
T
, where Λ = diag(eiφ1σy , · · · , eiφN/2σy ) for even
N , and Λ = diag(eiφ1σy , · · · , eiφ(N−1)/2σy , 1) for odd N . We also denote G = (g1, · · · , gN ), where the vectors gl =
(g1l , · · · , gNl )T (1 ≤ l ≤ N) form a new orthonormal Majorana basis. To obtain the decoherent t − tA, we need to
calculate detQ
(2j−1,2j|2i−1,2i)
2 averaged over all angles φl. To further simplify the calculation, we can fully diagonalize
matrix Λ using σy = (
1+iσx√
2
)σz(
1−iσx√
2
), after which we have for odd N
Q =
(
g1 + ig2√
2
,
ig1 + g2√
2
, · · · , gN
)
diag(eiφ1 , e−iφ1 , · · · , eiφl , e−iφl , · · · , 1)
(
g1 − ig2√
2
,
−ig1 + g2√
2
, · · · , gN
)T
, (20)
7and similarly for even N . Hereafter we shall take odd N as an example, while the even N case can be obtained by
simply deleting the last component from the odd N case. A direct calculation gives the expression of the matrix
element
Qjk =
bN/2c∑
l=1
[
eiφl
(
gj2l−1 + ig
j
2l√
2
)(
gk2l−1 − igk2l√
2
)
+ e−iφl
(
gj2l−1 − igj2l√
2
)(
gk2l−1 + ig
k
2l√
2
)]
+ gjNg
k
N . (21)
The determinant detQ
(j,j′|k,k′)
2 = QjkQj′k′−Qjk′Qj′k generically contain many terms. When averaged over all phases
φl, the only nonzero terms are those contain the product of conjugate phase factors e
iφl and e−iφl , or the gN terms
which have no phase factors. Explicitly, we have
detQ
(j,j′|k,k′)
2 =
1
4
bN/2c∑
l=1
{[(
gj2l−1 + ig
j
2l
) (
gk2l−1 − igk2l
) (
gj
′
2l−1 − igj
′
2l
)(
gk
′
2l−1 + ig
k′
2l
)
−
(
gj2l−1 + ig
j
2l
)(
gk
′
2l−1 − igk
′
2l
)(
gj
′
2l−1 − igj
′
2l
) (
gk2l−1 + ig
k
2l
) ]
+ h.c.
}
+ gjNg
k
Ng
j′
Ng
k′
N − gjNgk
′
N g
j′
Ng
k
N
=
bN/2c∑
l=1
(
gj2l−1g
j′
2l − gj
′
2l−1g
j
2l
)(
gk2l−1g
k′
2l − gk
′
2l−1g
k
2l
)
=
bN/2c∑
l=1
Ajj
′
2l−1,2lA
kk′
2l−1,2l ,
(22)
where we have defined Aijlk = g
i
lg
j
k − gjl gik, which is mathematically the projection of unit area in the (gl, gk) plane
onto the original basis (γi, γj) plane. This indicates they satisfy the following conditions
Aijlk = −Ajilk = −Aijkl ,
N∑
1=l<k
(Aijlk)
2 = 1 (i 6= j) ,
N∑
1=i<j
(Aijlk)
2 = 1 (l 6= k) . (23)
With the above result, we find
t(G)− tA(G) =
bN/2c∑
l=1
 C∑
j=1
A2j−1,2j2l−1,2l
2 , (24)
namely, the main text Eq. (5). We note this formula is also valid for even N , since the last component gN in the odd
N case does not contribute this formula. For N ≥ 2C, one then has σ12 = (C + t− tA)/2, and σ13 = C − (t−tA)
2
C .
To proceed to calculate the conductance distribution, we need to understand better the coset space
SO(N)/SO(2)bN/2c the matrix G lives in. In the γn basis, the generators of the SO(N) group are denoted by
Tab = −Tba (1 ≤ a < b ≤ N), which are N ×N matrices with the element in the a-th (b-th) row, b-th (a-th) column
being −i (i), and all the other elements zero. They satisfy the commutation relation
[Tab, Tcd] = −i(δbcTad + δadTbc − δbdTac − δacTbd) . (25)
In the linear space of theN(N−1)/2 generators Tab, one can maximally select out bN/2c generatorsHl (1 ≤ l ≤ bN/2c)
which mutually commute, which is known as the Cartan subalgebra. For the matrix G here, the bN/2c generators Hl
are given by N ×N matrices
Hl = (g2l−1, g2l)σy(g2l−1, g2l)T =
N∑
1=a<b
Aab2l−1,2lTab , (26)
which generates the rotation in the (g2l−1, g2l) plane. From the orthogonality of gl, one can easily show [Hl, Hk] = 0,
and accordingly
[Hl, Hk] = −i
N∑
a,b,c=1
Aab2l−1,2lA
bc
2k−1,2kTac = 0 , (27)
8which implies another constraint for Aab2l−1,2l
N∑
b=1
(Aab2l−1,2lA
bc
2k−1,2k −Acb2l−1,2lAba2k−1,2k) = 0 . (28)
The coset space SO(N)/SO(2)bN/2c is then parameterized by Hl, which can be expressed in terms of coefficients
Aab2l−1,2l. However, the coefficients A
ab
2l−1,2l are not independent, but subject to the constraints of the supplementary
material Eqs. (23) and (28) and thus are highly correlated. This makes the measure of the coset space and thus the
calculation of the probability distribution of t − tA extremely complicated. We shall not try to solve for the coset
space measure here, instead we study a simple case of Chern number C = 1 (and N ≥ 2C) in the following.
Conductance Distribution for N ≥ 2C with C = 1
In the case C = 1 (and N ≥ 2C), the coefficient t− tA is simply given by
t(G)− tA(G) =
bN/2c∑
l=1
(
A1,22l−1,2l
)2
, (29)
while we know
∑N
1=l<k
(
A1,2lk
)2
= 1, so the M = N(N − 1)/2 coefficients A1,2lk live on an M − 1 dimensional unit
sphere SM−1. If we assume the distribution of A1,2lk is uniform on S
M , we can easily calculate the distribution of
t(G)−tA(G). This can be most easily done by assuming
∑bN/2c
l=1
(
A1,22l−1,2l
)2
= cos2 θ, where 0 ≤ θ ≤ pi/2. This means
(for N ≥ 3) the bN/2c coefficients A1,22l−1,2l lives on a sphere Sp of dimension p = bN/2c − 1 with radius r1 = cos θ,
while the rest coefficients A1,2lk lives on a sphere S
q of dimension q = M − bN/2c − 1 with radius r2 = sin θ. The unit
sphere SM−1 can then be parameterized by θ and the coordinates of sphere Sp and of sphere Sq. In particular, the
measure dµ(θ) for parameter θ is proportional to the area of sphere Sp and area of sphere Sq, so the unnormalized
measure has the form
dµ(θ) = rp1r
q
2dθ = cos
p θ sinq θdθ (N > 2) . (30)
For instance, in the familiar SO(3) case N = 3, one has p = 0, q = 1, and thus dµ(θ) = sin θdθ. While a special case
is when N = 2, one has M = bN/2c = 1, thus t(G)− tA(G) ≡ 1. In this case, the above formula is not valid, instead
one has dµ(θ) = δ(θ)dθ. The (unnormalized) probability distribution of σ12 = (1 + t − tA)/2 = (1 + cos2 θ)/2 for
C = 1 can then be calculated:
p(σ12) =
dµ(θ)
dσ12
=
dµ(θ)
sin θ cos θdθ
{
∝ δ(θ) ∝ δ(σ12 − 1) (N = 2) ,
= cosp−1 θ sinq−1 θ ∝ (σ12 − 12)αN (1− σ12)βN (N > 2) , (31)
where the power indices αN =
p−1
2 =
bN/2c
2 − 1 and βN = q−12 = N(N−1)4 − bN/2c2 − 1. After normalization, the
probability distribution of σ12 for N > 2 reads
p(σ12) =
2αN+βN+1Γ(αN + βN + 2)
Γ(αN + 1)Γ(βN + 1)
(
σ12 − 1
2
)αN
(1− σ12)βN .
Similarly, one can derive the distribution of σ13 = 1− (t− tA)2 = 1− cos4 θ for C = 1 to be
p(σ13) =
dµ(θ)
dσ13
=
dµ(θ)
4 sin θ cos3 θdθ
{
∝ δ(σ13) (N = 2) ,
= cosp−3 θ sinq−1 θ ∝ (1− σ13)
αN−1
2
(
1−√1− σ13
)βN
(N > 2) .
(32)
Mean value of conductances for generic N > 2C
For generic Chern number C, the distribution of σ12 can hardly be calculated analytically, thus we shall not try to
do so. However, the mean value of the junction conductance σ12 can be easily calculated for any N and C. This is
9done by noting that the normalization condition in Eq. (23) implies the mean value
(
Aijkl
)2
=
2
N(N − 1) , A
ij
klA
i′j′
k′l′ = 0 ({i, j, k, l} 6= {i′, j′, k′, l′}) , (33)
since all Aijkl should obey the same distribution, and two different coefficients A
ij
kl and A
i′j′
k′l′ can be independently
positive or negative. Therefore, the mean value of σ12 (in units of e
2/h) for N ≥ 2C is given by
σ12 =
C + t− tA
2
=
C
2
[
1 +
2bN/2c
N(N − 1)
]
. (34)
Conductance in the strong disorder case
In the strong disorder case |δL(x)|  |L|, the SO(N) matrix Q can be consider as fully random under the decoherent
assumption. In this case, t − tA can be considered as the average of the main text Eq. (4) over all SO(N) matrices
Q upon the Haar measure of SO(N), which is no longer sample dependent but is a unique value.
To find the value of t− tA, we simply note that the Haar measure dµh of group SO(N) satisfies dµh(Q) = dµh(PQ)
for any P,Q ∈SO(N). Consider now a 2 × 2 minor detQ(ij|kl)2 of matrix Q. For N > 2, we can choose a matrix
P ∈SO(N) as P = eipiTjj′ with j′ 6= i. Multiplying P on the left of Q then flips sign of the j-th and j′-th rows of Q,
and thus flips sign of detQ
(ij|kl)
2 . Therefore, one finds the mean value of the minor is
detQ
(ij|kl)
2 =
∫
dµh(Q)detQ
(ij|kl)
2 =
∫
dµh(PQ)det(PQ)
(ij|kl)
2 = −
∫
dµh(Q)detQ
(ij|kl)
2 = 0 . (35)
This implies t − tA ≡ 0 under the average over the Haar measure of SO(N). Accordingly, the conductances in the
strong disorder limit are quantized to
σ12 =
C
2
, σ13 = C , (36)
for any N > 2 and N ≥ 2C. This simply means the electron always have 1/2 probability to become an electron or
hole.
The above calculation can be directly generalized to any N and C in the strong disorder limit, from which the
quantized conductances can be summarized into
σ12 = (C − δ2C−N,2 + δN,2)/2 , σ13 = C − δ2C−N,2 − δN,2
C − δ2C−N,2 . (37)
CONDUCTANCE DISTRIBUTION FOR 0 < N < 2C
The conductance in the 0 < N < 2C case is more complicated, since both t− tA and r− rA are nonzero, which are
given by SO(N) and SO(2C −N) rotations of CMFMs on edges K1K2 and K1K4, respectively. The chiral fermion
mode aj with j ≤ bN/2c participates in the SO(N) rotation Q on edge K1K2 and contributes to t− tA, while aj with
j ≥ b(N + 1)/2c participates in the SO(2C −N) rotation Q′ on edge K1K4 and contributes to r − rA.
In the weak disorder case, one has the approximations Q = GΛG
T
and Q′ = G′Λ′G′
T
, where G = (g1, · · · , gN )
and G′ = (g′1, · · · , g′2C−N ) are SO(N) and SO(2C −N) matrices, respectively. Following the same procedure we have
done above, one finds
t(G)− tA(G) =
bN/2c∑
l=1
bN/2c∑
j=1
A2j−1,2j2l−1,2l
2 , r(G′)− rA(G′) = b(2C−N)/2c∑
l=1
b(2C−N)/2c∑
j=1
A′2j−1,2j2l−1,2l
2 , (38)
where Aijlk and A
′ij
lk are the projected unit area of matrices G and G
′
, respectively. Accordingly, one can compute σ12
and σ13.
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The distribution of conductances for generic 0 < N < 2C is difficult. However, similar to our previous discussion,
we are able to calculate the distribution for 0 < N < 2C when both bN/2c ≤ 1 and b(2C −N)/2c ≤ 1. There are 5
cases this condition can be satisfied when C ≤ 3, which we list as follows.
(1) C = 1, N = 1. This case is trivial, one has t − tA ≡ r − rA ≡ 0, and quantized conductances σ12 = 1/2 and
σ13 = 1.
(2) C = 2, N = 3. In this case bN/2c = 1 and b(2C − N)/2c = 0, thus r − rA = 0, while following Eq. (30) we
have t(G) − tA(G) = cos2 θ, with the measure of G given by dµ(θ) = sin θdθ. Accordingly, σ12 = (2 + cos2 θ)/2 and
σ13 = 2− cos4 θ/2. Therefore, one find the distribution of conductances
p(σ12) =
dµ(θ)
dσ12
∝ (σ12 − 1)−1/2 , p(σ13) = dµ(θ)
dσ13
∝ (2− σ13)−3/4 , (39)
where σ12 ∈ [1, 3/2], and σ13 ∈ [3/2, 2].
(3) C = 2, N = 2. In this case bN/2c = b(2C −N)/2c = 1, and thus we have t(G) − tA(G) = cos2 θ and r(G′) −
rA(G′) = cos2 θ′, where the measure is given by dµ(θ, θ′) = sin θ sin θ′dθdθ′. This leads to σ12 = (2−cos2 θ′+cos2 θ)/2
and σ13 = 2− cos2 θ′ − cos4 θ/(2− cos2 θ′). The probability distribution of σ12 ∈ [1/2, 3/2] can be calculated to be
p(σ12) =
∫ σ12+dσ12
σ12
dµ
dσ12
=
1
2
√
1− 2|σ12 − 1|
+ln
(
1 +
√
1− 2|σ12 − 1|√
2|σ12 − 1|
)
− 1
2
− |σ12 − 1|
1− 2|σ12 − 1|+
√
1− 2|σ12 − 1|
. (40)
The distribution of σ13 will not be calculated explicitly, which is much more complicated.
(4) C = 2, N = 1. In this case bN/2c = 0 and b(2C−N)/2c = 1, and thus we have t− tA ≡ 0 and r(G′)−rA(G′) =
cos2 θ′, with the measure dµ(θ′) = sin θ′dθ′. The conductances are given by σ12 = (2 − cos2 θ′)/2 and σ13 ≡ 2. The
distribution of σ12 ∈ [1/2, 1] is given by
p(σ12) =
dµ(θ′)
dσ12
∝ (1− σ12)−1/2 . (41)
(5) C = 3, N = 3. In this case again bN/2c = b(2C − N)/2c = 1, and we have t(G) − tA(G) = cos2 θ and
r(G′) − rA(G′) = cos2 θ′, where the measure is given by dµ(θ, θ′) = sin θ sin θ′dθdθ′. The conductances are given by
σ12 = (3− cos2 θ′ + cos2 θ)/2 and σ13 = 3− cos2 θ′ − cos4 θ/(3− cos2 θ′). The distribution of σ12 ∈ [1, 2] can also be
computed to be
p(σ12) =
1
2
√
1− |2σ12 − 3|
+ ln
(
1 +
√
1− |2σ12 − 3|√|2σ12 − 3|
)
− 1
2
− |σ12 − 3/2|
1− |2σ12 − 3|+
√
1− |2σ12 − 3|
. (42)
For other C and N satisfying 0 < N < 2C, we cannot solve for the distribution, but again we can calculate the
mean value of σ12. Using supplementary Eq. (33), we can easily find
t− tA = 2bN/2c
2
N(N − 1) , r − rA =
2bC −N/2c2
(2C −N)(2C −N − 1) , (43)
and thus
σ12 =
C − r + rA + t− tA
2
=
{
C
2 − 14N + 14(2C−N) , (N odd)
C
2 +
1
4(N−1) − 14(2C−N−1) . (N even)
(44)
In the strong disorder case, the conductances are as shown in supplementary Eq. (37).
CONDUCTANCE DISTRIBUTION FOR N ≤ 0
The N < 0 case can be viewed as the N ≥ 2C device rotated by pi/2, and substituting N ↔ 2C − N , and
t, tA ↔ r, rA. Accordingly, the rest derivations directly follows. In particular, we have t− tA ≡ 0, from which one can
show σ13 ≡ 2σ12. Therefore, we shall only present the results for σ12.
In the weak disorder case, again for C = 1, the distribution of σ12 can be derived, which takes the form
p(σ12) =
{
δ(σ12) (N = 0) ,(
1
2 − σ12
)αN
σ12
βN (N < 0) ,
(45)
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where σ12 ∈ [0, 1/2], and αN = b(2−N)/2c2 − 1 and βN = (2−N)(2−N−1)4 − b(2−N)/2c2 − 1.
Besides, if N = 0, the conductance σ12 ≡ 0 for any C, which is obvious.
For more generic C and N < 0, the distribution is hard to calculate, but again the mean value of r − rA and thus
σ12 can be easily derived to be
r − rA = 2Cb(2C −N)/2c
(2C −N)(2C −N − 1) , (46)
and
σ12 =
C − r + rA
2
=
C
2
[
1− 2b(2C −N)/2c
(2C −N)(2C −N − 1)
]
. (47)
In the strong disorder limit, one can show t− tA = r − rA = 0, and σ13 = 2σ12 = C.
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